5.3 Determinants and Cramer’s
Rule

Matrices

A matrix is a grid indexed by row and col-
umn, and a matrix is usually referred to by
a capital letter. For example, consider ma-
3 —6
8§ 1
and 2 columns, and it is called a 2x2 matrix
for its dimension being (# rows)x(#columns).
Elelments of matrix A are identified by row
then column in subscripts. For the matrix A
just defined, a1; = 3, a2 = —6,a01 = 8, and
ago = 1.

trix A = Matrix A has 2 rows

Determinant

The determinant of a 2x2 matrix is a real num-
ber. To take the determinant of a matrix A,
the matrix is surrounded by vertical bars.
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Example Find the determinant of matrix
3 —6
A= [ S ]

= )1 = (=6)(®)
= 3 (~48)=3+48=51

The determinant arises as a useful operation
in many situations. We will examine one

application in solving 2x2 linear systems.

Consider a general 2x2 linear system
oz +biy :Cl, and solve it by
ar +byy =ca

substitution.

Take the first equation and solve for y.

ar+by = a
bily = a—azx
. C1 — a1
Yy = by

Substitute y in the second equation for
Ccl1 —a1x

by

ar + by = c2
c1—a
asx + by <11x> = 0
by
asbr1x + bacy —arbor = bico
agblx — alng = b162 — b261
blcg — b261
r = —
a2b1 — aq b2
b261 — blcg
r = —
albg — CLle
1 by
C2 bQ
xr =
al b1
a9 b2
boci — bic
Similary, replacing this value = Rk ]
arby — agbq
ap C
. . . az C3
for x in either equation yields y =
al b1
‘ az bo

This solution for a general 2x2 system in the
form of quotients of determinants is called
Cramer’s Rule. The determinant in the de-
nominator for each solution of x and y is the
same, and it is called the determiant of the
coefficient matrix. the coefficient matric is ob-
tained from forming a square matrix from the
coefficients of the two equations.

One cannot divide
ar b
az by
a point. This leave two possibilities: no so-
lution or infinitely many solutions on a line.
Cramer’s rule does not say which is the case
if the determinant of the coefficient matrix
is zero. However, Cramer’s rule is especially
handy in the typical situation where there is
a unique solution. One can usually look at a
2x2 system and tell if there is going to be a
problem just by calculating if a1bs = agby; if
so, the determinant of the coeficient matrix is
Zero.

by zero, and so if

= 0, there can be no solution as

Example Solve the system using Cramer’s
{ dr +Ty=>5
rule.

3z —y=—4
5 7
-4 -1
r =
4 7
3 -1



5(—1) — 7(—4)
A(—1) —7(3)
5428 23 23

—4-921  —25 25

Note that we should really start by
taking the determinant in the denom-
inator since this, if zero, will prevent
us from wasting effort taking the de-
terminant in the numerator. In any

23
case, we have x = 55 Note that the

determinant in the denominator (the de-
terminant of the coefficient matrix) was
-25. We can use this value in solving for y.

4 5
_ ‘3 —4‘_4(—4)—5(3)
Y= T 5 T o5
_ —16-15  -31 31
- —925  —25 25

23 31
Th h lution is | ——, — |.
us, the solution 1s < 25’ 25)

Cramer’s Rule

ax +biy =c a b ~ ad — be
axx +by =c2 c d
c1 by ap ¢
co  bo az C2
r== ——— y = —-—————
a1 b ar by
as by az by
Exercises

Calculate the determinants.

3 4
-

6 —4
2|8 Do

5 12
T 24‘
, | 103 —des
| -7.03 115

Use Cramer’s Rule to solve each system, if pos-
sible.

5 3z +5y = -2
' r +8y =4
6 4r —6y =9
Sl T 42y =10

7 3r —bHy =2
"l —6r+10y =4

s {
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3.1z 454y =-4.2
82x +14y =9.1
4 —10y =11
x 4Ty =2

43.2x 4+ 71.9y = 104.5
11.6x — 17.2y = 31.1



